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Classification Overview = commapnase

Inference phase

u—— hg ¥

e So far, we have looked at problems where y = hy(x) € R
= \We have called this regression

e Often, we will be interested another type of problem, where
y = hg(x) € {cq, Cy, ... C}y } (output is one of M possibilities, or classes
" This is called classification

= Not much has changed: We went from a continuous to a discrete output
= |n this case, we call h a discriminant function

warl

{seizure, Tumor size, {benign,
no seizure}? Tumor shape malignant}

» {0,1,2,...,8,9}?
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 We call the hyperplane H:wy + wiuq + --- + wyuy = 0 the decision boundary

= The two half-spaces on either side of the decision boundary are decision regions (everything
in a decision region gets classified the same)

= When a single hyperplane perfectly divides the data into the two classes, we say the data are
linearly separable



Classification Overview

* What if we have more than 2 classes? {cq,cy,c3} =?
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Classification Overview

e For M classes, we could try to create M classifiers.
= Each classifier separates class ¢; from all other classes

h,: Separates class 2 from
Uxclasses 1 and 3

Called one vs. all classifier

Only works, in general, when
each class is linearly separable
from the union of all other
classes.

* Note that class 1 is not
linearly separable from
classes 2 and 3

Some regions become

ambiguous

hs: Separates class 3 frorr
classes 1 and 2

Class 3 or class 27
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Classification Overview

e For M classes, we could create M(M — 1) /2 classifiers
" Each classifier separates class ¢; from ¢; for all i and j

Called one vs. one classifier

Need a majority vote between
all classifiers

Some regions become
ambiguous

Large number of classifiers as
M becomes large

h1,2

DY N W W
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Classification Overview

* For M classes, we could create a single classifier made of M classifiers
= Separates class ¢; from all other classes
= Encode the outputy = [J, ..., Y] and choose the largest component as the class




Classification with Least Squares

e Consider the following 1-feature, 2-class classification problem:
y (Malignant?)

e Tumor is malignant if y = wy + wyu (best fit line)
Wy + wy X TumorSize > 0

" Could also use y = 0 for benign
class and checkif y > 0.5

u (Tumor Size)

* This is a tempting approach O
" What W||| cause |t to perform <:| 0= wo + wiu (decision boundary)
poorly?



Classification with Least Squares

 What happens if our data are distributed differently?
" This method is very sensitive to the distribution, not robust to outliers

y (Malignant?)

These will be y = wy + wyu (best fit line)

misclassified as benign!

»>U (Tumor Size)

e 88 —1@

€1 0 = wy + wyu (decision boundary)




Classification with Least Squares

* We may also use least squares for classification problems with more
than one feature

= Again, may not be robust depending on data distribution

U, (Tumor Densit :
2 ( y) Possible least squares

decision boundary

Malignant

u; (Tumor Size)



Classification with Least Squares

e For a general M-class classification problem, we can use the pseudoinverse:
w = (UTu)tuty
y = Wu

class = arg max y;
i

Where

* Wisan M X N + 1 matrix with each row representing the linear discriminant function for a
particular class. (Note that the “+1” term is for the column of ones added to U for the bias

= Uisann X N + 1 matrix of input observations with a column of ones added
= Yisann X M matrix of output observations with a one-hot encoding
QO If row uP belongs to class i, then yip = 1 and y]p = —lorOforallj #1i



Example: Iris Dataset

e The iris dataset is a well-known machine learning dataset that has 3
classes of flowers (M = 3) and 4 features (N = 4)

Iris Versicolor Iris Setosa Iris Virginica



Example: Iris Dataset

* To have a nice visualization, we will
use a subset of the features:
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Example: Iris Dataset

e With linear regression, we get a training accuracy of ~77%
= Accuracy = 100%X (# correctly classified points/ total # of points)

* The plot shows decision boundaries
along with the hyperplanes
represented by the 3 rows in
W

= 0.5 = W + uiwq + U, wo

e Since class = arg max y; is a

highly non-linear ftlmction, it’s not
always intuitively obvious how the
individual class hyperplanes lead to
the decision regions
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Example: Iris Dataset

e Just as in linear regression, we can use non-linear features in
classification based on least squares

= Here, we add a quadratic term, so > S
we have u = [1,uy, up, uf, uj] i
* Training accuracy increases to =0
~94%
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Example: Iris Dataset

e Just as we saw with regression, we can overfit and underfit in

classification

= Here, we show the case where we’ve
added polynomial features up to
order 15

= We’ve used 50 of the 150 points
in the dataset for training (marked by
black dots)

= 100% Training accuracy, 66% test
accuracy

 We can reduce overfitting as before,
with more training data and reduced
model capacity or regularization
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Fisher’s Linear Discriminant

* Note that our least squares approach takes our inputs and projects
them onto 1 dimension: w, (Tumor Density)

Possible least squares
decision boundary
Wo + W1lU4 + Woly, = 0

Yy = uw + wy

 After the projection, Malignant

there is no longer a
clear separation
between the data

U, (Tumor Size)

Projection onto w



Fisher’s Linear Discriminant

* In general, we want our projection to do two things to the data
= Maximize the inter-class variance
= Minimize the intra-class variance
= Now, it will be easy to find a threshold between the two classes

PDF PDF
Benign % nter-class Malignant Benign 1 Malignant

variance
Intra-class
variance o
» 1-d Projection

» 1-d Projection




Fisher’s Linear Discriminant: 2 Classes

e Let’s describe the data of the two classes by their means:

1 1
M]_:n_lz u(p) |15 :n—zz u(p)

pEC, pEC,

* The inter-class variance is related to the projection of the means onto w:
Uy — py = wl(py — py)'

Inter-class variance: (/,lz — ‘Lll)z = W(Mz — Ml)T(MZ — Ml)WT



Fisher’s Linear Discriminant: 2 Classes

U, (Tumor Density)

A

Possible least squares
decision boundary

wo + wiuq + wyouy, =0
Benign )

0. Hi
e &

Malignant

»U; (Tumor Size)

Projection onto w




Fisher’s Linear Discriminant: 2 Classes

The intra-class variance is the variance of the projected points from their mean value:

52 = Z (3@ — )’ 62 = Z (3@ — 1)

pECl pECZ

* Since we want to maximize the inter-class variance and minimize the intra-class variance, we can
formulate the following loss:

[ = 1z — )7 _ w(p, — )" (uy — m)w’ _
g2 42 @) — 1,)2 @ — ;.2
S+ 53 Z:Z?€C1(Wu 'ul) + Zpecz(wu “2) Sp: Inter-class
covariance
_ w(p, — )" (1 — p)w’ matrix
D pee, (WU®) — ) (WU®) — )T + e, (WU — 1) (Wu® — )7
w(u, — p)T(u, — pw’ ~ wSpw’ S, intra-cla

covariance
matrix

- W[ZpECl(u(p) T ”1)(11(19) _ ﬂl)T + ZpEcZ (u(p) — ﬂz)(u(p) — ﬂz)T]WT B WSWWT



Fisher’s Linear Discriminant: 2 Classes

 |f we differentiate the loss w.r.t. w and equate to O we get:

(wSpwD)S,,w! = (wSy,wH)Szw’
or
aSWWT — bSBwT

Where a and b are scalars. . . . .
Spw' = (U — )" (U — W' = (U — py)" X scalar

W= ES;VlSBwT o Sy (g — )"

e So, we can project data onto an w in this direction and the projected data will
have optimal Fischer criteria

= We can find the threshold theoretically or by looking at the histograms of the projection



Perceptron

Inputs

* One of the earliest ANNs, proposed by Rosenblatt

: : : N Threshold
" |nspired by biological neuron

asal
ndrites

f= N}
1]

Output indicates if a

on
hillock

neuron is firing (1) ornot =~ &

firing (-1 or 0) et 3 outou
e

-1 s<¢

SEWO+U1W1+’“+U,NWN | 0

Copyright © 2014 The McGraw-Hill Companies. All rights reserved.

Where ¢ is a threshold, often setto 0



Perceptron

 The perceptron model is learned using a rule similar to gradient
descent

= Note that we can’t use gradient descent directly because f(s) is not
differentiable ats = 0

e Perceptron learning rule:

while not done:
for each point In training set:
1T point i1s misclassified:
w; = w; + auy

* |t can be proven that this algorithm will converge to an exact solution
(if one exists) in a finite number of iterations

e How can we extend this for multi-class classification?



Logistic Regression

e The Perceptron is a nice model for classification because it is bounded between 2 values, which
can represent 2 different classes in a binary classification problem

Perceptron Model Perceptron-like model, but differentiable
9 andinrangeOto 1l 9

1 1/_

It would nice to have something like the Perceptron, which is bounded, but smooth so we can
differentiate it.

= |t would also be nice if the range was between 0 and 1 so we can interpret the output as a probability!



Logistic Regression

 What type of function should be choose as an offset and smoothed version of the Perceptron?
= Let’s think about classification probabilistically

e For a binary classification problem, what is the probability that an input belongs to class 1?

p(cilu) =
Recall Bayes’ theorem: p(alb) = p(blcézl)’(a)
So,
(C |U) _ p(“'Cl)p(Cl) p(“'Cl)p(cl) 1
p(cq p(w)  plulc)plcy) + pulc)p(cy) L4 p(u|c,)p(c,)
1 1 P(“|C1)P(C1)
) 1+ exp (_ 1nP(“|C1)P(C1)) "1+ exp(—s) = 0(s) 10

p(ulcz)p(c2) [ /
Logistic sigmoid function

S



Logistic Regression

1 1

| pQle)p(e,) ACTENIGH)
p(ulcy)p(cy) p(ulcy)p(cy)

p(cilu) =

1+ exp (— In

Note that the above two expressions are the same, so why did we go to

the trouble of taking the exponent of the natural log?

" In the first case, we would be learning p(ul(:Z)p(CZ), which we would have to
p(ulc1)p(cy)

force to always be positive, leading to optimization difficulties
p(ujc1)p(cy)

p(ulcx)p(cz)’
or negative while keeping p(c;|u) between 0 and 1

" [n the second case, we would be learning In which can be positive



Logistic Regression

* Now we have y = hy,(u) = p(c{|u) = o(s)

with s = wy + wyuq; + wou, + -+ + wyu,,, as before.

* This means, we want learn w such that s represents In

" Large positive s means that we see more u
values like this one in ¢; based on the training data

" Large negative s means that we see more u
values like this one in ¢, based on the training data

p(ulcq)p(cq)

p(ulcy)p(cy)

v



Logistic Regression
e Wy, = arg max Y, logp,(DW|w) = arg max },; log pp(y ¥ |u, w)

e We can also minimize the negative value of this and divide by # of samples

1 .
W, = arg min L(w) = arg min — —z log pr(y®W|u, w)

e If y € {0,1}, then we can write this as
NN i1 1 i o (i i o (i
Llw) = _Z log [(y< W - o) ] __ EZ[y( g 9@ + (1 — y©) log(1 — $®)]

" This is called the cross-entropy loss



Logistic Regression

 We can perform gradient descent using our logistic regression model
as we have before:

Initialize w (e.g. to random values)
while stop_condition = False:
wi =w; —alf, L(D;w) V |

* We need the gradient of the cross-entropy loss function

0L 1 z d
l l
p

Now that we’re done with probabilities, let’s switch back to
using p for the index into the dataset...



Logistic Regression

0L 1 0 9y ® y®)
= —= () log v (®) 1 —v®)1og(1 - 7@
Iw; nZ[V 5@ 8V gy, ay(p)( y®)log(1 -y )Owl
p

Recall that $®) is our logistic sigmoid o (5s)

» The derivative of the logistic sigmoid has the nice property— = (s)(l — a(s))

(») (») (») (p)
0L _ _12 @ 1 60(5 )as N (1 B y(p)) 1 B 60(5 )as
ow; n a(s®) as® ow; 1—0(s®) as®  ow;

p

1

1=y oy ( o(s®) (1-0(s)) av(vl)>]

1 as(p)
_ (») (») — (»)
Z [y EO)) O'(S )(1 a(s )) W, +
* S =w, + Wi U4 + - WylUp, SO this 5|mpI|f|es to

z (y ®) _ 5@ )u(p)

awl
Same loss gradient as we had for least
squares!!!



Logistic Regression

* The logistic regression training algorithm:

Initialize w (e.g. to random values)
while stop_condition = False:

Aw = zeros
for p from 1 to n: Note, we can remove the loop and write this more compactly
s®) = y@wT asw:=w—a(§—y)U

§P) = g(s@)
AW = Aw — a— (5@ — y@ )u®
W= W+ Aw




Logistic Regression for M > 2

* For more than two classes, we can use M sigmoid models and
combine their results into a single decision by choosing the maximum
value (just as we did with multiclass least squares for classification)

= Sometimes we call this “winner-takes-all”

 The drawback of this is that we lose the probabilistic interpretation of
the output:

" Imagine we have a 3-class classifier, with 3 different sigmoid functions and we
get the following output: y = [0.1,0.9,0.73]

= Since 0.9 is the largest, we would assign class 2 as the output

" Notice, however, that the sum of the outputs is > 1!
0.9 no longer means that the classifier has a 90% confidence that this is class 2



Logistic Regression for M > 2

e A better approach is to go back to the beginning:
p(cklu) =72
e |If we have M classes, this becomes
p(ulci)p(cy) _ p(ulci)p(cy)

p(u) - XpQalc)p(e)

p(cklu) =

exp(Inp(u|cg)p(cy)) _ exp(sg)
Y exp(Inp(ulc)p(c;)) | X, exp(s;)

e This is the softmax function

= Smooth approximation to the max function
dThe largest value will get amplified and the smaller ones will be attenuated



Logistic Regression for M > 2

* Now, we can again write down the maximum likelihood function and derive a new loss function.

= We will use a binary encoding for our output. e.g., for M = 3, a target output correﬁplonding toclassc, isy =[0,1,0]. A

target output corresponding to class k is ¥1 = (13\5" where e, hasa ‘1" in posit;?n klv?n 0’ everywhere else.
(p)

@
I I . y Y
p(YlU,W) = ‘ ‘p(cklu(l);W) ko= ‘ ‘ ylgﬂ k
* Get the loss by taking the negative log and dividing by the number of datapoints:

1
I = _EEEY’EP) log 5
p k

* Amazingly, the gradient of the new loss function with respect to the parameters w;; (defined as the
parameter connecting input j to model output i) is the same as we had before:

oL 1
_ ~ ™Y, ®
aWij _le(yi yi )u]

p

* We can use the same gradient descent algorithm for multi-class classification with logistic regression



Regularized Logistic Regression

 Just like linear regression, we can add a regularization term to our loss

function:
2 2 ylgp) log 5P + ALy

e For example, when Lyy is the [, regularization term, we have

= ——ZZyﬁp) log 9, +—zzwkl



Logistic Regression

* Our general gradient descent scheme for logistic regression with M
classes becomes:

Initialize W € RM*N (e.g. to random values)
while stop_condition = False:
AW = zeros
for p from 1 to n:
s® — wu®"
§®) = o(s®)) #o is the softmax function applied to each element of s
for k from 1 to M:

AW, = AW, — « E (37,?’) — y,gp))u(p) + A‘?‘,—i] # W, isrow k of W
Wk = Wk + AWk

e.g., %Wk for ridge regression



Logistic Regression with Smaller Batches

e Just like linear regression, we can perform logistic regression in mini
batches
= n' is the batch size (humber of examples used to estimate the gradient)
= Recall that a batch size of 1 is called stochastic gradient descent

Initialize W € RM*N (e.g. to random values)
while stop_condition = False:
for batch from 1 to num_batches:
AW = zeros
for p in batch:

s® = wu®"’

) = a(s(p)) # o is the softmax function applied to each element of sP
for k from 1 to M:

AW, = AW, — « l% (57,5”) — ylgp))u(p) + A‘?v—ﬂ # W, isrow k of W
Wk = Wk + AWk




Nearest Neighbor Classifier

* Basic idea: If it looks like a duck and quacks like a duck, then
it’s probably a duck

- - -
-

Training

/,,’// Data 1__7\\\\\ Compute
; — — ~._ Distance
#\,?D o) :
A N \ \
\ \ / N
), y i

| s
N, NS ./ Choose k of the

-

—— . “nearest” records

-~ -

R. Ptucha, A. Loui, A. Kwasinski, A. Savakis



Nearest-Neighbor Classification

Unknown Sample

o=
'— s

e Setup Requires:
— The set of training samples

— Distance Metric to compute distance
between samples

— The value of k, the number of nearest
neighbors to retrieve

e To classify an unknown sample:

— Compute its distance to all training
samples

— ldentify k nearest neighbors (k=1,3,5...)

— Use class labels of nearest neighbors to
determine the class label of unknown
sample (e.g., by majority vote)

R. Ptucha, A. Loui, A. Kwasinski, A. Savakis



K-Nearest Neighbor- Classification

e Given the feature plot, ® Pedestrian  * No pedestrian
the nearest neighbor & New Test sample
would indicate N
pedestrian detection. x *

*x x
*x B
*

Increase k to get more robust.

At k=4, we could have a tie.

Use odd number of neighbors.
k=1,3,5

R. Ptucha, A. Loui, A. Kwasinski, A. Savakis



Classification Example

Two features:
Tumor size
Tumor density

Two classes:
Cancer
No Cancer

%

Tumor densit

°
>

Tumor size

» Labeled training data ( e, *)
A new test sample (=)
 |s the new test sample cancerous?

R. Ptucha, A. Loui, A. Kwasinski, A. Savakis

e Cancer
* No Cancer
i New Test sample



K-Nearest Neighbor- Classification

e Using MNIST dataset C’DC’OODDOOO
of 60K handwritten J /7777777 /

character, each 28 x 2222222222
28 pixels, a 784 dim
vector. '

e Here we have ten
random test
samples of each
digit, coupled with
its ten nearest 77777777?7

training samples.
e A 10-NN classifier
Statistical Machine Learning- Template Methods, J. Domke

produces an
accuracy of ~95%.



K-Nearest Neighbor- Summary

e Based on the same basic idea, can be adapted to do regression or
classification.

e Simplest of all algorithms to understand, but requires the sorting of
all data which can be very expensive.

* In general, for very high number of samples, higher k is preferred.

* The higher the dimensional space, the more samples you will need.

" The curse of dimensionality states that the number of samples you need are
exponential with d (binary is 29)!

e Separate test / train datasets need to be used to solve for the optimal
K.

e Can weigh k nearest neighbors by distance for improved results.
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