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Learning Objectives

» Understand the tradeoffs between different methods of estimating delay

» Be able to estimate the best and worst-case delays of CMOS circuits using RC and linear 
delay models

» Understand the impact of physical layout on delay of CMOS gates
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𝑡𝑡𝑝𝑝𝑝𝑝𝑝𝑝 - Propagation (worst-case) delay when output is falling       𝑡𝑡𝑟𝑟 - Rise time of output

𝑡𝑡𝑝𝑝𝑝𝑝𝑝𝑝 - Propagation (worst-case) delay when output is rising        𝑡𝑡𝑓𝑓 - Fall time of output 

𝑡𝑡𝑝𝑝𝑝𝑝𝑝𝑝 - Contamination (best-case) delay when output is falling       𝑡𝑡𝑟𝑟𝑟𝑟 = 𝑡𝑡𝑟𝑟+𝑡𝑡𝑓𝑓
2

- Edge rate

𝑡𝑡𝑝𝑝𝑝𝑝𝑝𝑝 - Contamination (best-case) delay when output is rising

𝑡𝑡𝑝𝑝𝑝𝑝 = 𝑡𝑡𝑝𝑝𝑝𝑝𝑝𝑝 + 𝑡𝑡𝑝𝑝𝑝𝑝𝑝𝑝 /2 – Avg. prop. delay 𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖,𝑚𝑚𝑚𝑚𝑚𝑚 = 1
𝑡𝑡𝑟𝑟+𝑡𝑡𝑓𝑓

- Maximum input frequency

𝑓𝑓𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡,𝑚𝑚𝑚𝑚𝑚𝑚 = 1
𝑡𝑡𝑝𝑝𝑝𝑝𝑝𝑝+𝑡𝑡𝑝𝑝𝑝𝑝𝑝𝑝

- Maximum output frequency

Some Definitions

𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜

𝑉𝑉𝑖𝑖𝑖𝑖

𝑡𝑡

𝑡𝑡

50%

50%

90%

10%

𝑡𝑡𝑝𝑝/𝑐𝑐𝑐𝑐𝑐𝑐 𝑡𝑡𝑝𝑝/𝑐𝑐𝑐𝑐𝑐𝑐 𝑡𝑡𝑓𝑓 𝑡𝑡𝑟𝑟

(Sometimes 20%)

(Sometimes 
80%)



4

Timing Optimization

» Focus on reducing delay of critical path (path with max. delay)

» Optimizing critical path can change critical path

» Critical path is A-D
• Optimizing B-C or E will not affect total delay
• If delay of A is reduced below B-C, then new critical path is B-C

A

B

C

D

E

𝑡𝑡
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Ways of  Measuring Delay

A
cc

ur
ac

y

Difficulty

Differential 
Equations 
and SPICE 
Simulation

RC Delay 
Model

Linear Delay 
Model

Assume constant 
resistance and capacitance 

during switching.

Assume delay is 
linear function of 

fanout.
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MOSFET Capacitances

» Definition:  𝐶𝐶 ≡ d𝑄𝑄/d𝑉𝑉

» 𝐶𝐶𝑔𝑔 = 𝐶𝐶𝑔𝑔𝑔𝑔 + 𝐶𝐶𝑔𝑔𝑔𝑔 + 𝐶𝐶𝑔𝑔𝑔𝑔
» 𝐶𝐶0 ≡ 𝐶𝐶𝑜𝑜𝑜𝑜𝑊𝑊𝑊𝑊
» 𝐶𝐶𝑠𝑠𝑠𝑠 and 𝐶𝐶𝑑𝑑𝑑𝑑 are called diffusion capacitances

n+ n+

p- substrate

𝑊𝑊

s dg

b

𝐶𝐶𝑠𝑠𝑠𝑠 𝐶𝐶𝑑𝑑𝑑𝑑

𝐶𝐶𝑔𝑔𝑔𝑔𝐶𝐶𝑔𝑔𝑔𝑔 𝐶𝐶𝑔𝑔𝑔𝑔

𝐶𝐶𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

Capacitance Cutoff Linear Saturation

𝐶𝐶𝑔𝑔𝑔𝑔 ≤ 𝐶𝐶0 0 0

𝐶𝐶𝑔𝑔𝑔𝑔 0 𝐶𝐶0/2 2/3𝐶𝐶0

𝐶𝐶𝑔𝑔𝑔𝑔 0 𝐶𝐶0/2 0

𝐶𝐶𝑔𝑔 𝐶𝐶0 𝐶𝐶0 2/3𝐶𝐶0

Gate apacitances
depend on 

operating region
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MOSFET Capacitances

» Diffusion capacitances (𝐶𝐶𝑠𝑠𝑠𝑠 and 𝐶𝐶𝑑𝑑𝑑𝑑) are called parasitic, since they are not “intentional,” 
like the gate capacitance.

» Diffusion capacitance is formed at the p-n junctions of source/drain diffusion regions and 
body
• Depends on area and depth of diffusion
• Wider transistors have bigger diffusion area
• Layout also affects diffusion area:

Isolated 
contacted 
diffusion

Shared 
contacted 
diffusion

Shared 
uncontacted 

diffusion

5𝜆𝜆 6𝜆𝜆 3𝜆𝜆
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MOSFET Capacitances
» 𝐶𝐶𝑠𝑠𝑠𝑠 and 𝐶𝐶𝑠𝑠𝑠𝑠 are 

complicated functions 
of the process 
parameters and 
geometries, but we can 
estimate that the per-
micron capacitances 
are approximately:

𝐶𝐶𝑔𝑔 ≈ 𝐶𝐶𝑠𝑠𝑠𝑠 ≈ 𝐶𝐶𝑑𝑑𝑑𝑑
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Delay of  an Inverter

» Consider a CMOS inverter driving another CMOS inverter:

» 𝐶𝐶𝑜𝑜𝑜𝑜𝑜𝑜 = 𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + 𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + 𝐶𝐶𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 + 𝐶𝐶𝑔𝑔𝑔𝑔𝑔𝑔𝑔 + 𝐶𝐶𝑔𝑔𝑔𝑔𝑔𝑔𝑔

𝑉𝑉𝑖𝑖𝑖𝑖
𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜

𝐶𝐶𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝐶𝐶𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝐶𝐶𝑔𝑔𝑔𝑔𝑔𝑔𝑔

𝐶𝐶𝑔𝑔𝑔𝑔𝑔𝑔𝑔

𝐶𝐶𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤
𝑉𝑉𝑖𝑖𝑖𝑖

𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜
𝐶𝐶𝑜𝑜𝑜𝑜𝑜𝑜
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Delay of  an Inverter

» Let’s consider 𝑡𝑡𝑝𝑝𝑝𝑝𝑝𝑝 of the inverter
• Time 𝑡𝑡 = 0, 𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜 = 0 and 𝑉𝑉𝑖𝑖𝑖𝑖 changes from 1 to 0
• PMOS is cutoff, NMOS on, initially in saturation

𝑄𝑄 = 𝑉𝑉𝑉𝑉 → 𝑖𝑖 =
d𝑣𝑣
d𝑡𝑡
𝐶𝐶 → d𝑡𝑡 =

d𝑣𝑣
𝑖𝑖
𝐶𝐶 → 𝑡𝑡𝑝𝑝𝑝𝑝

= �
0

𝑉𝑉𝑑𝑑𝑑𝑑/2
𝐶𝐶𝑜𝑜𝑜𝑜𝑜𝑜
𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑

d𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜

» But, 𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑 depends on 𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜
• Initially in saturation, then linear mode, then cutoff
• Messy non-linear differential equation, has to be solved numerically
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RC Delay Model

» Idea:  Model transistor as resistor that captures its average 𝑉𝑉𝑑𝑑𝑑𝑑 vs. 𝐼𝐼𝑑𝑑𝑑𝑑 slope

» Recall 𝑅𝑅 ∝ 1
𝛽𝛽

= 𝐿𝐿
𝑊𝑊𝑊𝑊𝐶𝐶𝑜𝑜𝑜𝑜

, 𝐶𝐶𝑔𝑔 ∝ 𝑊𝑊𝑊𝑊, 𝐶𝐶𝑔𝑔 ≈ 𝐶𝐶𝑠𝑠𝑠𝑠 ≈ 𝐶𝐶𝑑𝑑𝑑𝑑

» For NMOS and PMOS with 𝑘𝑘 times the unit transistor widths and 𝜇𝜇𝑛𝑛 = 2𝜇𝜇𝑝𝑝:
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RC Delay Model

» Equivalent circuit for a fanout-of-1 inverter:
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RC Delay Model

» 3-input NAND gate equivalent RC circuits:

Worst-case 
rising



14

RC Delay Model

» We can get the time constant from the equivalent 𝜏𝜏 RC circuit and use it to estimate the 
delay:

» The ln 2 factor is often ignored 

𝑡𝑡𝑝𝑝𝑝𝑝 = 𝜏𝜏 ln 2
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RC Delay Model

» Inverter with fanout-of-1:

» Falling propagation delay:  𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜 = 𝑉𝑉𝐷𝐷𝐷𝐷e−𝑡𝑡/6𝑅𝑅𝑅𝑅 𝜏𝜏 = 6𝑅𝑅𝑅𝑅 𝑡𝑡𝑝𝑝𝑝𝑝 = 6𝑅𝑅𝑅𝑅 ln 2
» Absorb the ln 2 factor into 𝑅𝑅:  𝑡𝑡𝑝𝑝𝑝𝑝 = 6𝑅𝑅𝑅𝑅
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RC Delay Model

» Fanout-of-4 delay (FO4) is a common figure of merit

» For the inverter in the previous slide, the FO4 delay is
𝑡𝑡𝑝𝑝𝑝𝑝 = 15𝑅𝑅𝑅𝑅

» It’s often convenient to define 𝜏𝜏′ as the delay of a fanout-of-1 inverter with no parasitic 
capacitances

» Usually, we use 𝜏𝜏′ = 3𝑅𝑅𝑅𝑅
» Now we can define delays independent of 𝑅𝑅𝑅𝑅:

𝑑𝑑 ≡
𝑡𝑡𝑝𝑝𝑝𝑝
𝜏𝜏′

= 5

𝑑𝑑 = ℎ + 1 (FO4 inverter)

(fanout-of-ℎ inverter)
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Elmore Delay Model

» Calculating the time constant for a first-order RC circuit is easy

» Most circuits are more complicated

» Elmore delay approximates the time constant of an RC tree as

𝜏𝜏 ≈�
𝑖𝑖

𝑅𝑅𝑖𝑖𝑖𝑖𝐶𝐶𝑖𝑖

where 𝑅𝑅𝑖𝑖𝑖𝑖 is the shared resistance from switching source to node 𝑖𝑖
» Related to “zero-value time constant”
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Elmore Delay Model

» Example of simple RC circuit:

» When 𝑉𝑉𝑖𝑖𝑖𝑖 switches, we first have to charge 𝐶𝐶1
• 𝜏𝜏1 = 𝑅𝑅1𝐶𝐶1

» Then, 𝐶𝐶2
• 𝜏𝜏2 = 𝑅𝑅1 + 𝑅𝑅2 𝐶𝐶2

» Then, 𝐶𝐶3
• 𝜏𝜏3 = 𝑅𝑅1 + 𝑅𝑅2 + 𝑅𝑅3 𝐶𝐶3

𝑅𝑅1
𝑉𝑉𝑖𝑖𝑖𝑖

𝑅𝑅3

𝐶𝐶1 𝐶𝐶2 𝐶𝐶3

𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜
𝑅𝑅2

𝜏𝜏 ≈ 𝑅𝑅1𝐶𝐶1 + 𝑅𝑅1 + 𝑅𝑅2 𝐶𝐶2 + 𝑅𝑅1 + 𝑅𝑅2 + 𝑅𝑅3 𝐶𝐶3
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Elmore Delay Model

» Example:  Estimate the rising and falling propagation (worst-case) delays for a 3-input 
NAND gate with fanout of ℎ

𝐴𝐴

𝐵𝐵

𝐶𝐶

𝐴𝐴 𝐵𝐵 𝐶𝐶

3

3

3

2 2 2

𝑅𝑅/3

𝑅𝑅/3

𝑅𝑅/3 9 + 5ℎ 𝐶𝐶

3𝐶𝐶

3𝐶𝐶

𝑌𝑌

Falling Delay 
Equivalent Circuit

𝑌𝑌

9 + 5ℎ 𝐶𝐶

3𝐶𝐶

3𝐶𝐶

𝑅𝑅/3

𝑅𝑅/3

𝑅𝑅

Rising Delay 
Equivalent Circuit

𝑡𝑡𝑝𝑝𝑝𝑝𝑝𝑝 =
𝑅𝑅
3
3𝐶𝐶 +

2𝑅𝑅
3
3𝐶𝐶 + 𝑅𝑅 9 + 5ℎ 𝐶𝐶 = 12 + 5ℎ 𝑅𝑅𝑅𝑅 𝑡𝑡𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑅𝑅 9 + 5ℎ 𝐶𝐶 + 𝑅𝑅𝑅𝑅𝑅 + 𝑅𝑅𝑅𝑅𝑅 = 15 + 5ℎ 𝑅𝑅𝑅𝑅
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Elmore Delay Model

» Estimate the rising and falling contamination (best-case) delay for a 3-input NAND gate 
with fanout of ℎ

𝐴𝐴

𝐵𝐵

𝐶𝐶

𝐴𝐴 𝐵𝐵 𝐶𝐶

3

3

3

2 2 2

Falling Delay 
Equivalent Circuit

Rising Delay 
Equivalent Circuit

9 + 5ℎ 𝐶𝐶𝑅𝑅/3

𝑅𝑅/3

𝑅𝑅/3

𝑌𝑌

𝑌𝑌

𝑅𝑅 𝑅𝑅 𝑅𝑅

9 + 5ℎ 𝐶𝐶

𝑡𝑡𝑐𝑐𝑐𝑐𝑐𝑐 =
𝑅𝑅
3

+
𝑅𝑅
3

+
𝑅𝑅
3

9 + 5ℎ 𝐶𝐶 = 9 + 5ℎ 𝑅𝑅𝑅𝑅 𝑡𝑡𝑐𝑐𝑐𝑐𝑐𝑐 =
𝑅𝑅
3

9 + 5ℎ 𝐶𝐶 = 3 +
5
3
ℎ 𝑅𝑅𝑅𝑅
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Elmore Delay Model

» Note that we can write the delays as
𝑑𝑑 = 𝑓𝑓 + 𝑝𝑝 = 𝑔𝑔𝑔 + 𝑝𝑝

• 𝑓𝑓 is the “effort” delay
• 𝑝𝑝 is the “parasitic” delay associated with charging a gate’s own internal parasitic capacitances
• 𝑔𝑔 is called the “logical effort” and represents the complexity of the gate being driven
• ℎ is the fanout or “electrical effort”

» For the 3-input NAND gate, the worst-case delay was 𝑡𝑡𝑝𝑝𝑝𝑝𝑝𝑝 = 15 + 5ℎ 𝑅𝑅𝑅𝑅, so

𝑑𝑑 ≡
𝑡𝑡𝑝𝑝𝑝𝑝𝑝𝑝
𝜏𝜏′

=
5
3
ℎ + 5

• The logical effort is 5/3, and the parasitic delay is 5
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Elmore Delay Model

» Diffusion (parasitic) capacitance depends on the layout and how diffusions are shared:

» A and B PMOS drains are shared, so only count diffusion capacitance once, so 
capacitance at 𝑌𝑌 is 7 + 5ℎ 𝐶𝐶 instead of 9 + 5ℎ 𝐶𝐶

» Sometimes uncontacted diffusion is counted as only (½)𝐶𝐶

𝐴𝐴

𝐵𝐵

𝐶𝐶

𝐴𝐴 𝐵𝐵 𝐶𝐶

3

3

3

2 2 2

𝐺𝐺𝐺𝐺𝐺𝐺

×

𝑉𝑉𝑑𝑑𝑑𝑑

× ×

𝐴𝐴 𝐵𝐵 𝐶𝐶
𝑌𝑌

× ××
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